Keywords Conceptual understanding Content domains Mathematical abilities Mathematical competence Misconceptions Problem solving Procedural knowledge.
2. What are students" misconceptions when solving conceptually orientated tasks involving different mathematical domains?
3. Is there a correlation between the conceptual understanding and problem solving in mathematics? 4. Are there any differences between the mathematical abilities test score and high school students" GPA, and specializations?
LITERATURE REVIEW
For decades, the major emphasis in school mathematics was on procedural knowledge. Rote learning was the norm, with little attention paid to understanding mathematical concepts. Rote learning is not the answer in mathematics, especially when students do not understand the fundamentals. In recent years, major efforts have been made to focus on what is necessary for students to learn mathematics, and what it means for a student to be mathematically proficient (Balka et al., 2014) . The debate over conceptual understanding versus procedural knowledge has caught the eye of many teachers in school systems around the world. Conceptual understanding is the comprehension of not only what to do, but also why it is done. Procedural knowledge, also known as imperative knowledge, is exercised in the performance of a task. In both cases, students understand how to complete an assignment, but the way they think about it differs. One thing that many teachers agree on is that students must learn mathematics with understanding, actively building new knowledge from experience and prior knowledge (Cummings, 2015) .
The National Assessment of Educational Progress (NAEP) identifies mathematical abilities as: procedure knowledge, conceptual understanding and problem solving. While the National Council of Teachers of Mathematics (NCTM) identifies these three types of understanding as three of the main strands to be mathematically proficient (NCTM, 2000) . NCTM defines problem solving as a strand that involves students applying four other processes: reasoning, communication, connections, and representation which provide opportunities for them to apply content knowledge in all mathematics domains. While conceptual understanding helps students avoid many errors in solving problems, procedural knowledge helps them to use the knowledge of procedures. The knowledge of when and how is the appropriate developments of skills in performing them accurately and efficiently.
Learning with understanding is essential to empower students to solve those problems they will inevitably face in the future, but even after graduating from high school, it is apparent that some do not possess conceptual understanding or problem solving skills in the five content domains: number and operations, algebra, geometry, measurement, and data analysis and probability.
According to Hasnida and Zakaria (1991) the primary goals in mathematics teaching have shifted towards procedural and conceptual understanding. The importance of gaining these is aligned with the objective of mathematics education. Using a survey method, they carried out a study in secondary schools and the data were analyzed descriptively to determine students' procedural and conceptual understanding of mathematics. Pearson's correlation was used to determine the relationship between procedural and conceptual understanding. The findings revealed that the students' level of procedural understanding is high whereas the level of conceptual understanding is low. They suggested that a reformation in teaching is needed to boost conceptual understanding among students to minimize the use of procedures and memorization. Jazuli et al. (2017) stated that most students find it difficult to understand and apply the concept of mathematics in a real-world context. They argue that the difficulty is due to conventional learning strategies which are unable to improve the students" abilities. They performed an experimental study intended to discover whether the implementation of a contextual learning strategy would improve conceptual understanding and problem-solving skills. These two issues have been analyzed by using a pre-test and post-test, and comparing the results using a control group with conventional learning. The results showed that the contextual learning strategy significantly affects conceptual understanding and the ability to solve mathematical problems. Rittle-Johnson and Alibali (1999) suggested that procedural knowledge may influence gains in conceptual knowledge by helping children to identify and eliminate misconceptions. Conceptual knowledge may influence improvements in procedural knowledge by improving problem representation and facilitating the adaptation of known procedures in problem solving.
Children must learn both basic concepts and correct procedures to solve problems. Mathematical competencies depend on their ability to connect the knowledge of fundamental mathematical concepts and procedure to real life situations. Observations show that students who possess procedural knowledge alone were unable to solve real life problems due to a lack of conceptual understanding. They were unable to connect the concepts to the problemsolving situations.
Conceptual Understanding and Procedural Knowledge
Concepts are the building blocks of knowledge (Charlesworth, 2012) . Conceptual understanding and procedural knowledge are essential to the development of problem-solving skills (Geary, 2004) . These skills contribute towards the effective processing of information when solving problems. The five strands of mathematical proficiency (Kilpatrick et al., 2001) represent the interdependence of the five components of a learner"s proficiency in mathematical problem-solving. Use of problem-solving to teach mathematics not only develops knowledge and skills but also helps students make sense of it. They will be able to see how new concepts connect to their existing knowledge which help them to be mathematically proficient (Mayer, 2008) .
Conceptual knowledge is in general abstract knowledge that addresses the essence of mathematical principles and relationships between them, while procedural knowledge consists of symbols, conditions, and processes that can be applied to complete a given mathematical task (Hiebert and Lefevre, 1986) . Procedural knowledge is meaningful only if it is connected to a theoretical fact. Faulkenberry (2003) suggests that conceptual knowledge is rich with relationships and refers to the basic mathematical constructs and relationships between the ideas that illustrate mathematical procedures, and give them meaning. On the other hand, procedural knowledge addresses the mastery of mathematical skills, and acquaintance with the procedures to determine the mathematical components, algorithms, and definitions. Many researchers suggest that both conceptual knowledge and procedural knowledge are important components in understanding mathematics (Desimone et al., 2005; Hiebert et al., 2005) .
For instance, in understanding of area measurement, procedural fluency, and reflections on the accuracy of solutions for measuring areas represents higher-order thinking skills (Lehrer, 2003) . While investigating children"s conceptions of area measurement and their strategies for solving area measurement problems, Huang and Witz (2012) found that children who had a good understanding of the concept of area and the area formula (by using the property of multiplication) exhibited competency in identifying geometric shapes, using formulas for determining areas, and self-correcting mistakes. Those children who had a good understanding of multiplication underlying the area formula, but misunderstood the concept of area, showed some ability to use area formulas. Conversely, the children who were unable to interpret the property of multiplication underlying the area formula irrespective of their conceptions of area exhibited the common weaknesses in identifying geometric shapes and differentiating between area and perimeter. The general concept of area refers to the amount of a 2-D region within a boundary, while area measurement concerns measuring the quantity of a surface enclosed within a 2-D region (Lehrer, 2003) .
This incorporates the prior concept of area and measurement skills. The strategic knowledge of area measurement contains a conceptual understanding of basic facts and the knowledge of efficient strategies in solving problems with justified reasoning. Though there are various ways to solve area measurement problems, appropriate use of formulas based on conceptual understanding can be considered an efficient strategy .
Moreover, it is noted by Siegler and Alibali (2005) that when comparing fractions with physical models, students could easily see the largest fraction. When the physical model was not being used, some students still had to draw the model to compare the size of fractions. In order for fraction and decimal number sense to be acquired, there are three foundational concepts agreed upon by researchers (Barnett-Clarke et al., 2010) . These concepts along with conceptual understanding and procedural knowledge, cognitive theories, and instructional theories will create a suggested series of tasks to develop fraction and decimal number understanding, and gain understanding for long term application (Watanabe, 2006; Walle, 2007) .
According to Hasnida and Zakaria (1991) the goal in mathematics teaching has shifted towards an emphasis on both procedural and conceptual understanding. Their research revealed that the students' level of procedural understanding is high whereas the level of conceptual understanding is low and hence they suggested that a reformation in teaching is needed to boost conceptual understanding among students to minimize the use of algorithms and memorization.
Conceptual understanding can be measured in various ways, mainly involving providing definitions, explanations and reasons. Conceptual knowledge in a domain usually requires knowledge of many concepts.
Procedural fluency can be measured by checking the accuracy or the procedure of solving problems. When interested in how flexible procedural knowledge is, researchers assess students" knowledge of multiple procedures and their ability to choose among them to solve problems efficiently (Star and Rittle-Johnson, 2008; Verschaffel et al., 2009 ). This flexibility of procedural knowledge will be a result of conceptual knowledge. The positive correlations between the two types of knowledge have been found in almost all domains. For example, in Number and Operations (Canobi and Bethune, 2008; Jordan et al., 2009) fractions and decimals (Reimer and Moyer, 2005; Hallett et al., 2010) estimation (Dowker, 1998; Star and Rittle-Johnson, 2009 ) and equation solving (Durkin et al., 2011) .
Problem-Solving
Problem Solving is one of the major processes defined in the National Council of Teachers of Mathematics (NCTM) Standards for School Mathematics (NCTM, 2000) . Problem solving involves students in applying four other processes: reasoning, communication, connection and representation. Jonassen (2003) defines problem solving as an individual thought process because the previously learned law can be applied in solving problems in other situations. It is also deemed to be a new type of learning and is the result of the application of knowledge and procedures of the problems (McGregor, 2007) .
Problem solving can also provide opportunities for students to apply content knowledge in the areas of number and operations, algebra, geometry, measurement, and data analysis and probability. Problem solving provides a window into children"s mathematical thinking and thus is a major technique of assessment.
According to Jawhara (1995) problem solving activities can open opportunities for students to learn freely. In their own ways, students will be encouraged to investigate, seek for the truth, develop ideas, and explore the problem. Kilpatrick et al. (2001) ; Pugalee (2004; ; Suh and Moyer-Packenham (2007) concluded that increase in the levels of cognitive demand, mathematical intricacy and abstraction balances students" procedural fluency in problem solving, and is based on their ability to use intellectual knowledge and skills in interpreting the problem.
Many mathematics skills are involved in problem-solving. However, large numbers of students have not acquired the basic skills they need in mathematics. As a result, many students were reported to face difficulties in mathematics particularly in mathematics problem solving (Tay, 2005) . The ability to use cognitive abilities in learning is crucial for a meaningful learning to take place (Stendall, 2009 ). There are two major steps in problemsolving: transforming the problem into mathematical statements or equations, and calculation of the required statements. Difficulties faced among students were more noticeable during the first procedural step in problemsolving compared to the other. Polya (1981) stated that problem-solving is a process starting from the instant a student is faced with the problem until the end of the process when the problem is solved. Garderen (2006) stated deficiency in visual-spatial skills might cause difficulty in differentiating, relating and organizing information meaningfully.
RESEARCH AIMS
The research aims to:  Analyze students" work according to five mathematical domains and three types of mathematical abilities;
 Find out the root cause of students" misconceptions and errors.
 Suggest ways to improve the conceptual understanding and problem-solving skills to reach to mathematical proficiency.
RESEARCH METHOD
350 students participated in the study; 50 males and 300 females.
 The quantitative approach uses a test comprised of questions from five domain in mathematics (numbers and operations; algebra; geometry; and measurements; data analysis and probability). The test comprised 60 questions; 20 to test students" conceptual understanding, 20 to test procedure knowledge and 20 for problem-solving skills.
 In the qualitative approach interviews were conducted to collect data about students" understanding.
Interviews were semi-structured. The authors interviewed participants who were lacking in any one of the mathematical abilities and most recurring misconceptions.
After students took the test, it was corrected, and the results were recorded and analyzed to find out the different type of abilities they possessed. Interviews were conducted using a sample of the student group.
Depending on the students" response and type of errors committed in the test items, they were interviewed to identify the root of the misconception. One or two ways of teaching those concepts were then suggested to avoid misconceptions in future.
Test results were analyzed using different SPSS tests as the following:
 Classified students" test score based on mathematical ability level.
 Classified students" test score based on accuracy level (getting 0-3).
 Classified students" test score based on the mathematical domain.
 Classified students" high school GPA (Below average, Average, & Above average).
 High school GPA -3 mathematical proficiency level scores -correlations, Pearson, Spearman, or Scheffe"s test.
 High school GPA -high school specialization (science, commercial, and others) -Analysis of Co-Variance (ANCOVA).
DATA ANALYSIS
In this paper, we examined the three mathematical abilities (procedural knowledge, conceptual understanding, and problem-solving skills) in 350 recent high school graduates that were enrolled in the foundation pre-college year at the Teachers College within the University of Bahrain. Students were given five separate tests in each domain of mathematics (number and operations, algebra, geometry, measurement, data analysis and probability) and each test covered the three mathematical abilities.
It was found that in general, students performed well in procedural knowledge and poor in conceptual understanding. The main reasons behind this are the fact that the procedural knowledge problems are those type of problems that are familiar to the students from their K-12 education in schools in Bahrain. The teaching approach and the exams in the school system in Bahrain emphasizes mainly how and what to do instead of why and when to do. This is confirmed by Hasnida and Zakaria (1991) where the authors conducted a survey study on the results of high school graduates. They found that the students' level of procedural understanding was high whereas the level of conceptual understanding was low.
The low level of conceptual understanding of the high school graduates leads them to be mathematically incompetent (NCTM, 2000) . This eventually leads to many misconceptions and errors in problem-solving. This is also aligned with the results found in Jazuli et al. (2017) where the authors concluded that most students find it difficult to understand and to apply the concepts of mathematics to real life problems. The authors refer the reasons to the same findings by this study which is mainly on the conventional teaching strategy that is used, and argued that changing that strategy to one of contextual learning would improve both mathematical conceptual understanding and problem-solving.
While Rittle-Johnson and Alibali (1999) suggested that procedural knowledge may improve the conceptual understanding by helping the students to identify and eliminate then, we have found several cases where students could efficiently use their procedural knowledge and reason to eliminate misconception, but failed to do so. One such example is a question asking why 1/6 is less than 1/3, where students could easily compare the two fractions to reason why 1/6 is less than 1/3. It has been found that many of the participants did not use the proper logic to state a valid reason.
Based on the results we also found that, in the five domains of mathematics, among the 350 students the conceptual understanding and the problem-solving skills are positively and significantly correlated with each other according to the Pearson correlation. This confirms the urgent need to focus on this issue and to find a solution to improve the conceptual understanding of students as such will ultimately improve their problem-solving skills.
We found also that the mathematical background of students plays an important role in their performance in the three levels of mathematical ability. ANOVA and Scheffe"s tests were applied to the students" high school specializations and their performance in the five content areas and it was found that students from scientific and commercial tracks who usually have taken up to elementary level of calculus in high school did much better when compared with students from a literature background who usually have taken mathematics at an elementary level of algebra. We noted that the difference is not that significantly high in the procedural knowledge, but it is much more recognizable in conceptual understanding and problem-solving skills.
The same test results were compared with students" high school GPA and their performance in the five tests and it was found that students whose GPA was above 95 percent did better in the three areas compared to other students. Again, it was noted that difference is not recognizable in procedural knowledge but was clear in conceptual understanding and problem-solving. This confirms this study"s main contention that knowledge understanding is the norm for the high school educational system, while the conceptual understanding level is high mostly for students with a solid background in mathematics.
Referring to the four research questions on page four, the following table represents the data obtained and analysis thereof.
What Percentage of Mathematical Abilities' does the Recent High School Graduates Show in Different Mathematics
Domains? Table 1 shows the ability to understand concepts in the three domains of numbers, algebra and geometry are very low compared to other domains and abilities. Overall, the table below shows the descriptive statistics of mathematical abilities" that recent high school graduates achieved in different mathematical domains. The Table 2 shows the descriptive statistics of mathematical abilities that recent high school graduates achieved in different mathematical domains. The arithmetical mean of the responses to the instrument was 2.06 for procedural knowledge questions, 1.01 for conceptual understanding questions, 1.60 for problem-solving questions, and 1.60 overall. As expected, the procedural knowledge had the highest rank, while the conceptual understanding had the lowest.
What are Students' Misconceptions while Solving Conceptually-Orientated Tasks Involving Different Mathematical

Domains?
As per Table 1 , averages in conceptual understanding in the measurement and data analysis domains are in the normal range of 50 percent, and at the same time much higher than those in the other three domains. This is mainly because in these two domains the visualization and the sound of the problem make it easier to answer the question.
On the other hand, the numbers, algebra, and geometry are more abstract concepts. Three main misconceptions were found:
1. In multiplying two decimal numbers, students could not reason that by comparing the integral part they can estimate the product.
2. In comparing 1/3 and 1/6, many students just compared the denominator and reasoned that 1/6 is larger.
3. Estimation of the height of a building, where the students do not have an awareness of the height or could make a reasonable estimate. Table 3 shows that the conceptual understanding is positively and significantly correlated to problem-solving skills. We apply the Pearson"s correlation test as it does not take into account the dependent or independent variables, i.e., that conceptual understanding and problem-solving skills are positively correlated to each other, i.e., increase in one yields an increase in the other. The results in Table 4 shed light on the following:  Significant differences at statistical level 0.001 in the aspect related to procedural knowledge domain only between the specializations of foundation students at BTC.  Significant differences at statistical level 0.05 in the aspect related to conceptual understanding domain only between the specializations of foundation students at BTC.
Is there a Correlation between the Conceptual Understanding and Problem Solving in Mathematics?
 No significant differences at statistical level 0.05 in the aspect related to problem-solving skills domain only between the specializations of foundation students at BTC.  Significant differences at statistical level 0.01 in the aspect related to mathematical abilities only between the specializations of foundation students at BTC.
In order to determine which specialization of the study sample (science, arts, commercial, industrial, and vocational) these differences may be attributed to, the researchers applied Scheffe"s test on the study sample responses. The results are in Table 5 . 
Dependent variable (I) specialization (J) specialization Mean difference (I-J) Sig.
Procedural knowledge Arts Science -4.65 * .000 Commercial -3.80 * .013
Overall Arts Science -9.50 * 0.003 Commercial -8.62 * 0.036 *. The mean difference is significant at the 0.05 level.
From Table 5 , the trend of differences according to the aspects in the questionnaire for each domain is as follows:
i. Procedural knowledge, the trends of the differences found were:
 Differences between arts specialization and science and commercial specialization for the benefit of science and commercial specialization.
ii. Conceptual understanding, the trends of the differences found were:
 Differences within specialization groups.
iii.
Overall, the trends of the differences found were:
 Differences between arts specialization and science and commercial specialization for the benefit of science and commercial specialization. The results in Table 6 show:  Significant differences at statistical level 0.001 in the aspect related to procedural knowledge domain only between the GPA of foundation students at BTC.  Significant differences at statistical level 0.01 in the aspect related to conceptual understanding domain only between the GPA of foundation students at BTC.
 No significant differences at statistical level 0.05 in the aspect related to problem-solving skills domain only between the GPA of foundation students at BTC.  Significant differences at statistical level 0.001 in the aspect related to mathematical abilities only between the GPA of foundation students at BTC.
In order to determine which GPA range of the study sample (Less than 85, From 85 to 89.99, From 90 to 94.99, 95 and Higher) these differences may be attributed to, the researchers applied the Scheffe test to the study sample responses. The results are in Table 7 . From Table 7 , the trend of the differences according to the aspects in the questionnaire for each domain is as follows:
 Differences between a GPA of 95 and higher; of a GPA less than 85; of a GPA from 85 to 89.99; and of a GPA from 90 to 95.
Students' Interviews
The general observation obtained from grading the tests are:
1. Procedural Knowledge: Students scored an average of 66 percent. This is based on the fact that this type of problem is familiar to the students from their K-12 education in schools in Bahrain. These are problems that can be solved easily once the procedure is known.
2. Conceptual understanding: In this category, where the students need to understand the concepts that were learnt in school and apply them to different type of problems. Here the students scored average of 33 percent, which is a very low score and almost half that of the procedural knowledge problems. This shows significant issues with the reasoning of the procedures. In addition, the gap between this percentage and the percentage of the procedural knowledge is alarming and shows that students are not competent in mathematical reasoning.
3. Problem Solving: These types of problems depend on the first two categories and the average results of the student reflected that fact. In particular, Table 3 shows that problem-solving skills are positively correlated to conceptual understanding. However, it was observed that students mostly struggled in translation of a word problem into a proper mathematical statement. In some cases, once the translation was done, the students used their procedural knowledge to find a proper solution. However, students struggled most in those problems where conceptual understanding is required.
In order to identify the misconception and to rationalize the results, a group interview was conducted for around 100 randomly chosen students with following the results. There was clear support for the above observation as the first problem (D1-c1, D1-p1). In the conceptual understanding part, students were asked to reason why multiplying 8.45 times 5.98 cannot equal 505.31 (this is D1-c1); while in the problems solving skills, students were asked through a word problem to carry the multiplication of 14.5 and 15 (this is D1-p1).
In the first problem (D1-c1) an average of five percent of students gave a valid reason, while in the latter, 86 percent carried the multiplication correctly after translating the word problem into a number multiplication
problem.
An interesting case of the clear difference between the two categories was found. "8.45 multiplied by 5.98 is not 505.31" can be reasoned by rounding the number to the nearest whole number and finding the product, or performing a normal multiplication and comparing it to the given. But the students did not think in that way even though it is evident that 75 percent of them could solve a direct multiplication problem as in D1-k1.
During the interview with the students, they were asked the same question. Only a few students thought of carrying the normal multiplication procedure. The other dominant reason was that the integral part of the multiplication would not be equal, and only 29 percent of the students actually gave that reason.
Another interesting case to support this observation was in problem four, comparing fractions from D1: number and operations. In this problem, students were asked to compare two fractions using greater than or less than.
In the procedural knowledge problem (D1-k4) students were asked explicitly to compare two given fractions by either < or >. This is a familiar question and once the students understand how to compare the fraction, it can be easily accomplished. We have found that the average was 58 percent which is the same average for the same problem in the problem-solving category (D1-p4).
On the other hand, in the conceptual understanding problem (D1-c4), a comparison was made between 1/3 and 1/6 and students are asked to explain why 1/3 is greater than 1/6. On average 53 percent give a correct explanation. This percentage is slightly off since these problems can be easily interrupted similar to the procedural knowledge problem, and thus the percentage should be close to the percentage of the procedural knowledge, if not more given the comparison between 1/3 and 1/6 is much easier.
The same question to students was repeated, and it was found that 46 percent again got the wrong answers. A student volunteered to explain their reasoning for the wrong answer on the board, and did so by comparing two diagrams representing the fractions but with different partitions. The same question was then repeated to all students and 56 percent voted for the volunteer"s solution to be correct (compared to only 46% at the beginning).
Students were asked how many of them knew why the solution by the diagram was wrong. Only 33 percent (almost the same percentage as the conceptual understanding) knew why it was wrong, and that because the region should be divided into the same parts in both diagrams.
What we have found from that particular question is that using the procedural knowledge by direct computing according to a learnt formula is much easier and more comfortable for the students to compare using the idea of conceptual understanding and reasoning.
(Problem solving into equations) Another example to justify our observation is from the domain of algebra (D2) and specifically from the problem solving question (D2-p1) where students were asked to find how many from 120 computers did "Ahmed" sell given that he sold three times as many as "Hassan". In this question, the average was only 44 percent. The main problem was that students knew how to solve linear equations but arriving at the correct linear equation from the word problem was problematic. This observation is confirmed by looking at responses to the same question in the knowledge understanding section (D2-k1). Students were asked to solve a given linear equation. Here the average was high, around 86 percent. The other way to confirm this observation was through interviews with the students, where only 34 percent of them said that they could translate the word problem into the correct equation.
Area and circumference in the geometry domain (D3) produced poor results. Most students did not know the difference between area and circumference. Either it was a direct question of finding the area/circumference/volume of a standard shape, or through a word problem that required more analysis. This was reflected by the overall score.
For example, in knowledge understanding, the average was 66 percent, and conceptual understanding 20 percent.
In problem solving it was 52 percent. During the interview with the students it was found that 34 percent were able to tell the difference between the area and circumference.
Measurement: A similar situation occurred in the measurement domain, in particular with clock arithmetic (D4-k2,c2,p2). 91 percent of students were able to find the difference between two times (in hours and minutes), while 66 percent could not where the times were given as a real-life problem. During the interview, it was asked how many students thought that adding five hours to 10:30 am made the time 15:50 pm. A very high 45 percent thought so.
Measurement: Another interesting question regarding the measure is D4-c4 where students were asked to give a reasonable estimate for the height of the building. There were a wide variety of conclusions -some apparently random -however 1500m, 3500m, 7500m were the most frequent. By asking individual students who arrived at these answers and why, the surprising response in most instances was that they had answered by means of their imaginations, and were incapable of linking it to a specific height or distance.
Some Odd Cases (Very Low Scores)
Here the least two questions in terms of the average score are given and analyzed:
For the conceptual procedure question D1-c3 in the numbers and operations domain, students were asked to explain why it is impossible to divide by zero. The average score for this question was the lowest in the study at around one percent. This confirms the result that even for a very well-known fact such as this; students cannot determine the reason behind it, although they can still perform long division accurately (94 percent on average in question D1-k3). Surprisingly, this percentage was the highest average score in the entire study.
For question D5-k4 in the data analysis and probability domain, the lowest average score in the knowledge category and the second lowest score were in the of statistical graphs represented as bar charts. The average score was 2.7 percent. That contributed to the conclusion that students could with high proficiency solve knowledge problems once they had seen the procedure before. In the statistical case, the knowledge part is very close to the procedural part as these two require thinking and overall understanding given every graph is different.
